MANIFOLDS WITH LARGE ISOTROPY GROUPS 



ANDREAS KOLLROSS AND EVANGELIA SAMIOU 

Abstract. We classify all simply connected Riemannian manifolds whose isotropy groups 
act with cohomogeneity less than or equal to two. 



1. Introduction and results 

Let M be a simply connected Riemannian manifold and G a closed connected subgroup 
of the isometry group of M. We consider the action of an isotropy group, i.e. the subgroup 
Gp = id G I 9 ' P = p} consisting of all elements which leave one point p G M fixed. This 
group G p acts on M by restriction of the G-action and by the differentials of the isometries 
in G on the tangent space T p M; we call the first the isotropy action, while the latter is 
called isotropy representation. For any differentiable Lie group action, the minimal orbit 
codimension is called the cohomogeneity of the action. 

It is a well known classical result that two-point homogeneous spaces, i.e. Riemannian 
manifolds where any ordered pair of equidistant points can be mapped to any other such 
pair by an isometry, are exactly the rank-one symmetric and Euclidean spaces [5]. Two- 
point homogeneity is equivalent to the condition that the isotropy action at any point is of 
cohomogeneity one. 

Thus, Riemannian manifolds whose isotropy actions are of cohomogeneity one are well- 
known and it is a natural question to ask which Riemannian manifolds have isotropy actions 
of low cohomogeneity. In this article, we classify all simply connected Riemannian man- 
ifolds M whose isotropy groups act with cohomogeneity less than or equal to two. For 
homogeneous spaces this condition is equivalent to saying that the unit tangent bundle 
of M is of cohomogeneity one. However, there are also non-homogeneous examples of such 
manifolds. 

By K = G p we will usually denote the isotropy subgroup of the G-action at a point p lying 
in a principal orbit. Furthermore we denote by c(G, M) the cohomogeneity of the G-action 
on M. For the cohomogeneity of the G-action on the tangent bundle we have 

c(G, TM) = c(K, T p Gp) + 2c(G, M) = c(K, M) + c(G, M). 
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Our main result for the homogeneous case is given by the following theorem. For the 
non-homogeneous case, see Theorem 15.11 Of course, if we allow the isotropy group to be 
trivial, we get all two-dimensional manifolds. 

Theorem 1.1. Let M = G/K be a simply connected Riemannian homogeneous space such 
that the isotropy group K acts with cohomogeneity two on M . Assume further that M 
is de Rham irreducible. Then M is isometric to one of the following homogeneous spaces 
equipped with a G-invariant metric. 

(i) An irreducible symmetric space of rank two. 

(ii) A generalized Heisenberg group of type 

N(l,n), N(2,n), N(3;n,0), N(6, 1), iV(7;l,0). 

(Hi) One of the following compact homogeneous spaces: 

SU(w + 1) Sp(w + 1) Sp(l)-Sp(w + 1) Spin(9) 
SU(ra) ' U(l) -Sp(n)' ASp(l) • Sp(n) ' Spin(7) ' 

(iv) One of the following non-compact homogenous spaces: 

SU(n,l) Sp(w, 1) Sp(l) • Sp(n) x M 4n Sp(l) • Sp(w, 1) 
SU(n) ' U(l) -Sp(n)' U(l) • Sp(n) ' ASp(l) • Sp(ra) ' 
Sp(l) ■ (Sp(l) ■ Sp(n) x M 4n ) Spin(7) x 5 7 Spin(8, 1) Spin(8) x 5+ 
ASp(l) ■ Sp(n) Spin(6) Spin(7) Spin(7) 

(v) Hyperbolic space with G -action as given in Theorem \3.4\ 

The paper is organized as follows. We start with a splitting criterion for homogeneous 
spaces which we use to detect Riemannian products from the isotropy representation. In 
Section [3] we prove fibration theorems for homogeneous spaces with reducible isotropy rep- 
resentation with two submodules. The actual classification of homogeneous spaces with 
isotropy cohomogeneity two is done in Section HJ We first determine all effective representa- 
tions of cohomogeneity two. Using the splitting criterion from Section [2], we eliminate those 
leading to Riemannian products. Then we construct all homogeneous spaces correspond- 
ing to the remaining representations. The final Section [5] contains the classification in the 
inhomogeneous case. 

We would like to thank Carlos Olmos for helpful discussions. 

2. A SPLITTING CRITERION FOR HOMOGENEOUS SPACES 

If M is isometric to a product M = X xY , with X irreducible or maximal Euclidean then 
the factors X and Y are preserved by any connected group of isometries. In particular, the 
action of any connected group of isometries on M projects to actions of lower cohomogeneity 
on both factors X and Y. Furthermore, if M is homogeneous then so are X and Y. For 
the classification we may therefore exclude reducible Riemannian manifolds. These can be 
detected by means of Corollary 12.41 from the isotropy representation. 
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Lemma 2.1. Let M = G/K be a Riemannian homogeneous space and V C T p M a submod- 
ule of the isotropy representation. Assume that V is the fixed point set of some subgroup 
N C K . Then the G-invariant distribution T>y given by 

Vvigp) = d p gV 

is well-defined and integrable. The leaf through p G M is a connected component of the fixed 
point set of N and therefore the leaves of the foliation corresponding to T>y are closed totally 
geodesic submanifolds. 

Proof. It follows from the F-invariance of V that the distribution T> is well-defined. We may 
assume that iV C K is the kernel of the inaction K — > SO(V) on V and let F C M be 
the connected component containing p of the fixed point set of the iV-action on M. Thus 
F C M is a totally geodesic submanifold and T p F = V. 

We are going to show that F is everywhere tangent to the distribution T>. For gp = q G F, 

let 

V g = g-%FCT p M and N g = g~ x Ng C K . 

Clearly, N g fixes V g pointwisely, i.e. nu = u for each n G N g and u G V g . Also, since 
N g C K, it preserves the decomposition T P M — V ffi V 1 - of T P M in i^-invariant submodules, 
i.e. N g V = V and iVgV^- 1 = V^. We have constructed a continuous map 

#H+y 9 g g^v^v ®v L ) 

into the Grassmannian sending the identity element e G G to = V. A chart around K for 
this Grassmannian is given by 

(2.2) Yiom{V,V L ) ^ G dlm{v) {V ®V L ), A ^ T(A) = {(v, Av) \ v e V}. 
Hence for g sufficiently close to e we can write 

V g = {(v,A g v)\veV} 

with A g G HomfV, V^) depending continuously on g and A e = 0. Since N g fixes V g point- 
wisely we have for n G N g and v £ V that 

(2.3) (nv,nA g v) = n(v,A g v) = (v,A g v) 

and thus nv = v, and nA g t> = A g v . Therefore iV 9 C jV and, since N g , N are isomorphic 
compact Lie groups, we actually have N g = N. From (12.31) we now have nA g v = A g v for all 
n G N. Thus A g v eVnV ± = 0. 

We have shown that V g = V as long as V g is in the image U of the map (12.21) . Since F is 
connected, for each q G F there is a path G G, t G [0, 1] such that <?(t)p G F, <?(l)p = g 
and p(0) = e. The set {t G [0, 1] | V^( t ) G C/o} C [0, 1] is open and closed since, by the above, 
'%(*) G Uq" is equivalent to '%( t ) = V" . Hence V g = V for all g G G with gp G F. In 
particular, T g F = gV = T>v{q). □ 

Lemma 12.11 provides a splitting criterion for simply connected homogeneous spaces with 
reducible isotropy representation. 
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Corollary 2.4. Let M = G/K be an effectively presented simply connected Riemannian 
homogeneous space. Assume that the isotropy representation 

(2.5) T p M = m = mi © m 2 

splits with nontrivial K-submodules mi, m 2 . Additionally suppose that both mi, m 2 are fixed 
modules of suitable subgroups of K , i. e. there are subgroups N$ C K such that 

mi = Fix(iVj) = {v G m | nv = v for all n G N { } . 

Then M admits a nontrivial de Rham decomposition M = M\ x M 2 . 

Proof. We have subgroups iVj = ker (K — > SO(mj)) C K such that 

mj = {x G m | nx = x for all n G iVj}. 

By Lemma 12.11 we have complementary integrable totally geodesic G-invariant distribu- 
tions V^, % = 1, 2, 

(2.6) TM = V mi ®V m2 . 

By G-invariance, these distributions are perpendicular at each point q G M. The distri- 
butions are also parallel. To see this, let x, y G TV mi and v , w G W m , 2 be sections and 
compute 

(V x w \y) = -(v\ V x y) = —(v\ IIi(s,y)) = and 

(V w v | y) = (TL 2 (w,v) \y) = 

where Ilj denotes the second fundamental form of T> m . This shows that V x+W v G T> m for 
each x + w G TM and each section v G TT> m . Thus (I2.5P is preserved by the holonomy of M 
at p. By the de Rham Holonomy Theorem M = Mi x M 2 splits as a Riemannian product 
according to (12. 6p . □ 

3. Splitting isotropy and structure of homogeneous spaces 

Theorem 3.1. Let M = G/K be a Riemannian homogeneous space whose isotropy repre- 
sentation can be decomposed into two (not necessarily irreducible) invariant subspaces 

T p M = m = mi © m 2 

such that the kernel N± of the K -representation on mi acts without nonzero fixed vectors 
on m 2 . Then Qi = 6 ©mi is a subalgebra of the Lie algebra q and the corresponding connected 
subgroup G\ of G is closed. 

Proof. We first show that jji = £ © mi is a Lie algebra. Clearly [t, t] C £ C g 1 and [t, mi] C 
mi C gj. It remains to show that [mi, mi] C g l5 or, equivalently, that for m,m' G mi we 
have [m,m'} _L m 2 . To this end, let pr: g — > m 2 be the orthogonal projection. Since Ni C K 
and K acts isometrically on g, this map is iVi-equivariant. Now for n G N\ we compute 

Ad n pr [m, m'\ = pr Ad n [m, m'\ = pr [Ad n m, Ad n m'\ = pr [m, m'\ . 

Hence pr [m, m'] is a fixed vector for N\ in m 2 and therefore zero. 
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In order to show that the connected subgroup G\ C G with Lie algebra $ji is closed, recall 
that in the isotropy representation, mi is the fixed point set of N\. Thus by Lemma 12.11 
the distribution V mi is integrable with closed totally geodesic leaves. The orbit Gip is 
an immersed submanifold of M. We also have that V mi (p) = mi = T p G\p and, by left 
invariance of the distribution V m , that V mi (q) = T q G\p for each q = gip G G\p. Since G\p 
is connected, it is contained in the leaf F of T> mi through p. We now show that G\p = F. 
Since both have the same dimension dim mi, there is r > such that F H B r (p) C G±p, 
where B r {p) = {x G M \ d(x,p) < r}. If q = g\p G G±p, then g\F = F and F PI B r (q) = 
gi(F fl B r (p)) C giGip = G\p. Thus G\p has the following property: 

q G Gip =^Fn B r (q) C Gip 

But then also the complement F \ G±p has this property. It follows that both G\p and 
F \ G\p are open in F . Since F is connected, we have Gip = F. Now G\ is closed, since it 
is the preimage G\ = pr _1 (Gip) under the projection pr: G — ► G/i^ = M, pi: g ^ gp = 
gK G M. □ 

In general, the adjoint representation of G restricted to G\ does not preserve m.2, but 
induces an action on q/qi by 

Gi x q/q 1 3 (x, m + 0i) ^ Ad x m + gi G g/gi . 

Under the isomorphism 

^2 = fl/fli 

m^m + gi 

and the orthogonal projection pr: q — > m.2 this induces a Gi-action on m2 given by 
(3.2) Gi x m 2 3 (x,m) i— >■ pr(Ada;m) 

which extends the action il" — > SO(m2) of K. Henceforth we will refer to this action simply 
as the Gi-action on m 2 . 

Theorem 3.3. Let M = G/K be as in Theorem \3.1\ and assume the G\-action on m 2 is 
isometric. Then the quotient B = G / G\ is a Riemannian homogeneous space and we have 
a Riemannian submersion and homogeneous fibre bundle 

F = G x /K ^ M = G/K G/d = B 

with structure group G\, base B and totally geodesic fibres F. 



Proof. Assume that G\ acts isometrically on m 2 . 
then extends to a left invariant metric on B = 
becomes a Riemannian submersion. 



The scalar product on m 2 = q/qi — T Gl B 
G/Gi and the projection G/K — > G/G\ 

□ 



Let us now look at the case where G\ does not act isometrically on m 2 . 
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Theorem 3.4. Let M = G/K be as in Theorem \3.1\ and such that the G\-action on m 2 is 
not isometric. Assume that K is irreducible on m 2 and for all m G m2 the isotropy subgroup 
K m of the K -action on m 2 acts irreducibly on ttli. Then mi is one- dimensional and M is a 
semidirect product 

(3.5) M = KkK" where K = R, C, orU 

endowed with a left invariant metric arising from the orthogonal direct sum of standard 
scalar products on R and K n . In (13.51) the R- factor acts on K n via a group monomorphism 
R — > K x , t 1 — > e xt , for some not purely imaginary A G K and IK™ carries the standard scalar 
product. 

In particular, up to rescaling, M is isometric to hyperbolic space. 

Proof. Suppose Gi does not act isometrically on m 2 . Since G\ is connected, there is £ G gi 
such that the endomorphism of m2 mapping m 1— > pr[£,m] is not skew-symmetric, i.e. such 
that (m I [£, m]) 7^ for some, and therefore almost all, m G TtT2 and £ G mi. Since 
0i = I ® veil and ad* is skew-symmetric on m 2 we may assume £ G mi. We fix such an 
m G ttl2, 1 771 1 = 1 and consider the homomorphism 

(3.6) mi -> R , e^(m| [£,m]) 

which is not zero. By the assumption, the isotropy group K m acts irreducibly on mi, and, 
since (13.61) is -fT m -equivariant, Schur's Lemma yields an isomorphism mi = R. 

We have G\ = K ■ Q with a one-dimensional group Q = S 1 or = R + . For x G Q consider 
the adjoint Ad^ of x acting on q = Qi © m 2 3 y + m. We have 

(3.7) Ad x (y + m) = y + A x m + L x m 

with homomorphisms A x G Hom(m 2 ,0i) and L x G Hom(m 2 ,m 2 ). Since Ad x commutes with 
all Adfc, k G K, the homomorphisms A x and L x are X- module homomorphisms. It follows 
from Schur's Lemma that 

L x G End(m 2 )^ = K = R, C, W 

and that A x : m 2 — > 0i = 6 © R is zero, an isomorphism m 2 = R or an isomorphism of m 2 
with some nontrivial irreducible submodule in the adjoint representation of K. If m 2 = R, 
then K is trivial and M = G is a two-dimensional Lie group. In this case it follows that 
M is isomorphic to R + x R, where the left factor acts by multiplication on the right, since 
there is only one isomorphism class of non-abelian two-dimensional real Lie algebras. 
Thus we may assume A x : m 2 — > 6. We have a one-parameter group 

(3.8) L: Q -> K x , x 1— > L x 

into the multiplicative group of the (skew) field K. Let £ G mi = R be an infinitesimal 
generator of Q. Differentiating (13. 7p we have 



adg(y + m) — dA(£)m + dL(£)m 
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with dL nontrivial, since G\ and therefore Q is not isometric on rri2. Thus 7^ A = dL(£) G K 
and we can diagonalize ad^ on g. In fact, the eigenspaces are 

£(ad 6 0) = 0! = t ©R, 

(3 9) 

£'(ad € , A) = {A _1 cL4(£)m + m | m 6 m 2 } Cf©m 2 . 

Since Q commutes with A" we have Ad^£ = £ an d therefore the eigenspaces (13.91) are Ad#- 
invariant. In particular, we may replace mi © tri2 by mi © E(a l d^,X) as an Ad^-invariant 
complement of t in g to describe the metric structure of G/K. In other words, we may 
assume w.l.o.g. TTI2 = -E(ad^, A), gL4(£) = and thus A x = for all x G Q. 

As G± is not isometric on m 2 the image of the 1-parameter group L is not contained in 
the unit sphere of K. Hence Q — R, and we find x G Q such that = A G R C K, |A| 7^ 1. 
For this 2 we consider the automorphism Ad x . of the Lie algebra g. For mi,m 2 G m2 we 
compute 

Ad x ( [mi , m 2 ] ) = [mi , m 2 ] 01 + A [mi , m 2 ] m2 

= [Ad x mi, Ad x m 2 ] =A 2 [mi,m 2 ] 01 + A 2 [mi,m 2 ] m2 

Since |A| ^ 1 we conclude that [m 1 ,m 2 ] = and rri2 is an abelian ideal in q. It follows that 
trii © m 2 is a solvable ideal in g. 

The connected abelian subgroup M 2 C G corresponding to m 2 cannot have compact factors 
since its automorphism group contains K, which acts irreducibly on the Lie algebra rri2. 
Hence M 2 = m.2 = K e is a IK- vector space and the subgroup of G corresponding to mi © rri2 is 
the semidirect product Q k lM 2 , which acts transitively on the simply connected manifold M 
with discrete isotropy groups. It follows that Q K l M 2 acts simply transitively on M and we 
may identify M with the group Q ix L M 2 . Hence we have M = Q t* L M 2 = R tx^ K. e , where 
L is the group homomorphism (13. 8p . 

To prove that M is isometric to hyperbolic space we only need that L(t) = e xt uj(t) with 
A G R and a one-parameter group u(t) G 0(m2) of isometries of m2- Identifying M with the 
product R x m 2 , the group structure is given by 

(t,x) ■ (s,y) = (t + s,x + e xt u;(t)y) 

and the left invariant metric is 

g(t,x) = dt 2 + e~ 2Xt dx 2 

where dt 2 and dx 2 are the metrics on R and rri2 induced by the scalar products. In particular 
the metric on M is a warped product and does not depend on uj. The curvature of g is 
readily computed to be —A 2 . 

To see this, we choose vector fields T = tangential to the R-factor and A, Y along the 
rri2-factor, which are parallel with respect to the product metric go = dt 2 + dx 2 . We may also 
assume that X and Y are perpendicular with respect to both metrics simultaneously. We 
abbreviate f(t) = e~ xt and write \X\ for the norm of X with respect to the product metric 
go. We have 

g(T,T) = l, g(X,T) = = g(X,Y), g(X, X) = f 2 \X\ 2 . 
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The various covariant derivatives are 

V T T, = V T X= f jX, V x X = -ff\X\ 2 T, V x Y = 0. 

Hence, since the vector fields T, X, Y commute, 

K(X + T,Y) = g(R x+ T,yY, X + T)= g{V x+T V Y Y - V Y V X+T Y, X + T) 

= g(-\Y\ 2 V x+T ffT - f jV Y Y, X + T) 



g(-\Y\ 2 jf'fX ~ \Y\ 2 f"fT - \Y\ 2 f' 2 T + ^f'f\Y\ 2 T, X + T) 



(3.10) 

= g{-\ 

= -\Y\ 2 \X\ 2 f' 2 f 2 - \Y\ 2 f"f - \Y\ 2 f' 2 + f' 2 \Y\ 2 

For f(t) = e~ xt this becomes 

-A 2 (|F| 2 |X| 2 / 4 + \Y\ 2 f 2 ) = -X 2 \(X + T) A Y\ 2 

hence the sectional curvature of the plane spanned by X + T and Y is —A 2 . Since the set of 
planes of this type is dense, the sectional curvature of M is constant —A 2 . □ 

4. The classification in the homogeneous case 

In this section, we will classify all simply connected Riemannian homogeneous spaces 
whose isotropy action is of cohomogeneity two. Let M be a simply connected Riemannian 
homogeneous space and G the connected component of the isometry group of M. We denote 
by K = G p be the isotropy subgroup at a point p 6 M. Then if is a compact subgroup 
of G and since M = G/K is simply connected it follows that K is connected. Let m = T p M 
be the tangent space of M at the point p with the scalar product ( • | • ) induced by the 
Riemannian metric of M. The action of K on m by Adc|^ is orthogonal with respect to 
this scalar product. 

We assume that the isotropy representation of K on m is of cohomogeneity two, thus it is 
either irreducible or has two summands m = mi © rri2 both of cohomogeneity one. We start 
with the case where m is irreducible. 

4.1. Isotropy irreducible spaces. Assume M = G/K is isotropy irreducible, i.e. K acts 
irreducibly on the tangent space T P M. In case M is non-compact, the space is symmetric 
by [TTj . Now assume that M is compact and has isotropy representation of cohomogene- 
ity two. By a result in [11], such a compact M is symmetric or G is simple and compact. 
Since a cohomogeneity two representation is polar, it follows from [7] that M is symmetric 
and we have proved: 



Theorem 4.1. An isotropy irreducible simply connected homogenous Riemannian manifold 
M = G/K with isotropy representation of cohomogeneity two is a symmetric space. 
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4.2. Reducible isotropy representation. Now assume M = G/K is a simply connected 
Riemannian homogeneous space whose isotropy representation 

T P M = m = mi © m 2 

consists of two irreducible cohomogeneity one summands mi and rri2, such that K acts 
transitively on Smi x Sm 2 , where Strij denotes the unit sphere in rrij. 

Let Ni be the kernel of K — > SO(rrij). The fixed modules of Ni on rri2 and of N 2 on mi are 
K- invariant subspaces and therefore trivial by effectivity. If both N\ and N 2 are nontrivial, 
then M splits by Corollary 12.41 But we may assume that M is de Rham irreducible, since 
otherwise M is just the Riemannian product of two manifolds both of which are two-point 
homogeneous. We conclude that K acts effectively on at least one of mi or m.2, say on m.2. 

We will now determine all reducible compact Lie group representations of cohomogeneity 
two without trivial submodules and where at least one submodule is effective. 

Proposition 4.2. Let K be a compact Lie group and let m = mi © rri2 be an orthogonal 
K -representation such that: 

(i) mi and m 2 are invariant subspaces, 

(ii) K acts nontrivially on mi; 
(Hi) K acts effectively on m 2 ; 

(iv) the action of K on m is of cohomogeneity two. 

Then K , mi and m.2 are as given in Table QJ 



No. 


K 


dim mi 


dim m 2 


Range 


(1) 


U(n) 


2 


2n 


n > 3 


(2) 


U(l) • Sp(n) 


2 


An 


n > 1 


(3) 


Sp(l) ■ Sp(n) 


3 


An 


n > 1 


(4) 


Spin(6) = SU(4) 


6 


8 




(5) 


Spin(7) 


7 


8 





Table 1 . Reducible representations of cohomogeneity two 



Remark 4.3. While for the entries (3) , (4) and (5) of Table [T] the representations are 
determined up to equivalence by the dimensions of the irreducible modules mi and rri2, the 
table entries (1) and (2) stand for infinitely many equivalence classes of representations, de- 
pending on the action of the abelian factor on the module mi. In case of representation (1) 
the action of g G U(n) on mi = C is given by multiplication with a power of the determi- 
nant det g k , where we may assume that A; is a positive integer, since the representations of K 
by detg fc and detg~ h on mi (considered to be a real vector space) are equivalent. Similarly, 



in case of representation (2) , the action of U(l) • Sp(n) = {zA \ z G 



on mi = C is given by multiplication with z , where k is a positive integer 
We may impose the condition n > 3 on representation (1) since for n = 
geneity is 3 and for n = 2 the action is equivalent to (2) 



1, A G Sp(n)} 



1 the cohomo- 
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Proof. To prove the proposition, one may use the well known classification of Lie groups 
acting transitively and effectively on spheres by isometries; see e.g. [3J, 7.13. For the con- 
venience of the reader, we reproduce it here in Table [2J It is straightforward to find for 



Group K 


Isotropy iTg 


dim rri2 


SO(n) 


SO(n- 1) 


n 


SU(n) 


SU(n-l) 


2n 


Sp(n) 


Sp(n - 1) 


An 


U(n) 


U(n-l) 


2n 


Sp(n) ■ Sp(l) 


Sp(n - 1) ■ Sp(l) 


An 


Sp(n) ■ U(l) 


Sp(n-1)-U(l) 


An 


G 2 


SU(3) 


7 


Spin(7) 


G 2 


8 


Spin(9) 


Spin(7) 


16 



Table 2. Representations of cohomogeneity one, n > 1 



any such representation ttl2 of a compact Lie group K all other (not necessarily effective) 
^-representations mi of cohomogeneity one such that the action of K on mi © m 2 is of 
cohomogeneity two, i.e. the action of K on mi restricted to a principal isotropy group of the 
X-action on m 2 still acts with cohomogeneity one. 

Alternatively, one may start with the classification of reducible cohomogeneity two rep- 
resentations given in [TU] or [2] and then exclude those representations where both modules 
are non-effective. □ 

Let g be the Lie algebra of G and let £ be the subalgebra corresponding to K. Then g is 
of the form 

g = £ © mi © m 2 , 

where m = mi © m 2 is an Ada ^-invariant complement of t in g such that the action of K 
on m is of cohomogeneity two, mi and m 2 are invariant subspaces and m 2 is an effective 
i^-repr esent at ion . 

In the following we will determine all possible Lie algebra structures on g. Since we have 
already fixed the Lie bracket on £ x £ and on £ x m, it remains to determine the set of all 
skew symmetric maps [•,-]: m x m — > g such that the bracket thus defined on g x g satisfies 
the Jacobi identity. 

One major restriction for the possible Lie algebra structure comes from representation 
theory, namely from the fact that any Lie bracket on g defines a X-equivariant map A 2 g — > g, 
since the elements of K act on g as Lie algebra automorphisms. 

We distinguish three cases: The case where mi is a trivial one-dimensional submodule is 



treated in Section I4~5l The case where m is equivalent to representation (1) from Table [T] is 



studied in Section \A~M We begin with the remaining four representations (2), (3), (4) and 



(5) from Tabled) 
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4.3. Heisenberg isotropy. In this section, we give a classification of all real Lie algebras q 
of simply connected Lie groups G which have a compact subgroup K such that the isotropy 
representation of the homogeneous space G/K is of cohomogeneity two, without a trivial 
submodule and equivalent to the isotropy representation of a generalized Heisenberg group 
endowed with a left invariant metric. Some generalized Heisenberg algebras occur as special 
cases of this construction. 

Proposition 4.4. Let M = G/K be a simply connected Riemannian homogeneous space 
which is not de Rham decomposable and such that the action of K on the tangent space of M 
is equivalent to one of the representations (2)[ (3) , (4) 



or 



(5) , Then M is isometric to one 



of the homogeneous spaces as given in Tabled equipped with a G-invariant metric. 



No. 


K 


dim mi 


dim rri2 


F 


B 


M 


(2) 


U(l) • Sp(n) 


2 


An 


R 2 


R 4n 


N(2,n) 




= Spin(2) • Sp(n) 






S 2 

s 2 
s 2 


HP n 
R 4n 
HH n 


Sp(n + 1) 
U(l) • Sp(n) 
Sp(l) • Sp(n) k R 4n 
U(1J • bp(nj 

Sp(n, 1) 
U(l) • Sp(n) 


(3) 


Sp(l) • Sp(n) 
= Spin(3) • Sp(n) 


3 


An 


R 3 

s 3 
s 3 
s 3 


R 4n 
HP n 

R 4n 


A^(3;n,0) 
Sp(l) -Sp(n + 1) 
ASp(l) ■ Sp(n 
Sp(l) • (Sp(l) • Sp(n) x R 4n ) 










HH n 


ASp(l) ■ Sp(n) 
Sp(l)-Sp(n,l) 
ASp(l) ■ Sp(n) 


(4) 


SU(4) = Spin(6) 


6 


8 


R 6 
S 6 


R 8 
R 8 


iV(6,l) 
Spin(7) k 5 7 
Spin(6) 


(5) 


Spin(7) 


7 


8 


R v 
S 7 

s 7 
s 7 


R 8 
S 8 

R 8 

H 8 


N(7; 1,0) 
Spin(9) 
Spin(7) 
Spin(8) x 5^ 
Spin(7) 

Spin(8, 1) 
Spin(7) 



Table 3. Non-symmetric homogeneous spaces whose isotropy representation 
is of cohomogeneity two without a trivial submodule 



Proof. Let g = £ © mi © m.2 be a real Lie algebra and G be the corresponding simply 
connected Lie group such that the action of the connected subgroup K corresponding to the 
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Lie algebra t is equivalent to one of the representations (2) (3) (4) or (5) given in Table [TJ 
Assume the homogenous space M = G/K is endowed with a G-invariant Riemannian metric. 

In each case the group K is of the form K = K Q ■ Ki, where K = Spin(n), n — 2, 3, 
6, or 7, respectively; the .fT-module mi = R n is equivalent to the standard representation 
of Spin(n). Since there is an element in the center of K which acts trivially on mi and as 
minus identity on m 2 , we know that g 1 = t © mi is a symmetric subalgebra of g, i.e. a (not 
necessarily compact) subalgebra of g for which the Cartan relations hold; i.e. we have 

(4.5) [fli,0i] C 0i, [gi,m 2 ] C m 2 , [m 2 ,m 2 ] C q 1 . 

We start by determining all possible brackets on mi x mi. Since the action of K on mi 
is the standard representation of Spin(n), the i^-module A 2 m x is equivalent to the adjoint 
representation of Kq. Hence we have by Schur's Lemma that 

[mi, mi] C t 

and it follows that the space of i^-equivariant maps A 2 mi is real one-dimensional, since the 
adjoint representation of t is of real type. 

We shall now explicitly describe the Lie bracket on the subalgebra gi = t © mi of g. Let 
ei, . . . , e n be an orthonormal basis of mi. Let C£ n = Ci(mi) be the Clifford algebra over mi, 
i.e. the real algebra generated by e±, . . . , e n subject to the relation • ej + ej ■ e^ = —2Sij. 

Identify to with the subset 

(4.6) spin(n) = span M {ej • ej \ 1 < i < j < n} C C£ n , 

where the bracket is given by the commutator. Then the action of to on mi can be described 
by [ei ■ ej, e^] = — • e, ■ ej. Now let A G R be a constant. We define a Lie bracket on mi x mi 
by 

(4.7) [ei, ej] = A ej • e 3 - G t , i ^ j- 

It can be easily verified that the bracket defined in this way is a skew symmetric map on 
gi x gi —* Qi fulfilling the Jacobi identity and indeed we have 

spin(n + 1) if A > 0; 
0O = t © mi ^ { spin(n) kR" if A = 0; 

5pin(n, 1) if A < 0. 

Since the space of f^-equivariant maps A 2 mi — > to is real one-dimensional and K\ acts 
trivially on mi, this construction exhausts all possible Lie algebra structures on g x = tffimi. 
We have thus shown that the Lie bracket on mi x mi is given by f)4.7p for some real constant A. 
Let us now determine the Lie bracket on mi x m 2 . From (14.51) it follows that 

[mi, ma] C m 2 . 

Since we consider i^-representations where the group K acts on mi ©m 2 as the automorphism 
group of a Clifford module of the Clifford algebra C£ n (cf. [9] or Propositions 3.2 and 3.3 
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of [8]), we may assume that m 2 carries the structure of a Clifford module over C£ n such that 
the action of 6q on m 2 is given by Clifford multiplication, i.e. 



for X E spin(n), w E m 2 , 
Let us determine the space of K-equivariant maps 



[X,w] =X -w, 

where we use the identification (14.61) . 
mi x m 2 — >• m 2 . 

We shall prove that Hom^-(mi ® m 2 ,m 2 ) has real dimension at most one in the case of 



and (4) 



representations (3) and (5) and complex dimension at most one in case of representations (2) 



For the representations (2) 



where the action of zA, z E C, \z\ = 1, A E Sp(n) on 
mi = C is given by complex multiplication with z 2k , the real il~-module mi ®m 2 decomposes 
into two 4n-dimensional submodules; on these two submodules, the action of zA is given 
by the matrices z 2k+1 A and z 2k ~ 1 A, respectively. Thus it follows that mi ® m 2 contains a 



submodule equivalent to m 2 if and only if k 
such submodule. 



1; furthermore, mi ®m 2 contains at most one 



In case of the representations (3) and (5) , the real ^-representation mi ® m 2 contains 
at most one submodule equivalent to m 2 . (To verify this, one may for example use Weyl's 
dimension formula to see that the tensor product of the standard and the spin representation 
of Spin(3) or Spin(7) contains an irreducible module of real dimension 8 or 48, respectively.) 
Since m 2 is a ^-representation of real type, it follows that the space of il~-equivariant maps 
mi x m 2 — > m 2 is at most real one-dimensional. 

Let us now consider the case of representation (4) Here the real if-modules mi and m 2 
are of real and complex type, respectively, and hence we may view the i^-representation 
mi ® m 2 as a complex fT-module. The real tensor product mi £g> m 2 decomposes into a 
complex 20- dimensional irreducible plus a complex 4-dimensional module; thus the space of 
-fT-equivariant maps mi x m 2 —>■ m 2 is at most complex one-dimensional. 

Clifford multiplication induces a map 

mi x m 2 — > m 2 , (v, w) h- > v ■ w 

which is ii~-equivariant since K acts on rrii©m 2 as a group of Clifford module automorphisms, 
cf. [9]. We have shown that the Lie bracket on mi x m 2 is given by 



(4.8) 



[v,w] = fi v ■ w 



where /z is a real constant in case of representations (3) or (5) and a complex constant in 
case of representations (2) or (4) Let X, Y E mi, Z E m 2 . By using (14 .?p and (14. 8p . it 
follows from the Jacobi identity [[X, Y], Z] = [X, [Y, Z\\ - [Y, [X, Z\\ that A = 2/j 2 . 

We can always rescale the Lie bracket to have A = or ±1 and furthermore change the sign 
of/x. In fact, consider a linear map /: £©mi©m 2 — > t©mi©m 2 mapping (k,x,v) i— > (k, ax, v), 
and denote by [■, ■]' the Lie bracket pulled back via /, i.e. [x, y]' = f~ l [fx, fy}. For y E m 2 
and it, v E mi we then have 

[u,v]' = f- 1 [fu,fv] = \fu- fv = a 2 \[u,v]' Et and 

[u,y]' = f~ l [fu,fy\ = f~\nfu-fy) = afj,[u,y]' E m 2 . 
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We can thus rescale (A,//) to (a 2 \,ap). 

We will now consider the Lie bracket on TTI2 x m 2 . From (14. 5 p we know that 

[m 2 ,m 2 ] C t © mi. 

To proceed further, we distinguish between two cases, depending on whether the modules 
mi and m 2 do or do not commute. 

The case where mi and m 2 commute. Assume [rrii,m 2 ] = 0. Then we have A = 2/i 2 = and 
it follows that mi is an abelian ideal of q. 

If in addition [m 2 , m 2 ] = holds, then m = mi ©m 2 is an abelian ideal of g and M = G/K 
is a homogeneous presentation of a Euclidean space. 

Now assume 7^ [m 2 , m 2 ] Cmj; in this case, the ideal mi © m 2 of q is a two-step nilpotent 
Lie algebra with center mi. The Lie bracket on m 2 x m 2 defines a i^-equivariant map Z 1— ► Jz 
from mi to the skew symmetric endomorphisms of m 2 by (JzX \ Y) — (Z | [X, Y]) and also 
a i^-equivariant map <p : mi x m 2 — > m 2 by 



(4.10) 



{(p(Z, X)\Y) = (Z\ [X, Y}) = (J Z X \Y) for Z G m u X, Y G m 2 . 



We have already shown that the space of i^-equivariant maps mi x m 2 — > m 2 is real one- 
dimensional for representations (3) or |(5) and complex one-dimensional in case of represen- 



tations 



One particular such i^-equivariant map is given by Clifford multiplication 
using the inclusion mi C Ci(ttii). It follows that the map J: mi — > End(m 2 ), Z 1— > J z is 
given by J z '■ X 1 — > k Z ■ X where k is a real constant in case of representations (3) 



(5) and a complex constant in case of representations (2) or (4) , the dot denoting Clifford 



multiplication. (In case of representations (2) and (4) m 2 carries a complex structure. 



or 



(4) 



C be 
Define a bijective 
mi. It follows that 



Since we assume [m 2 ,m 2 ] 7^ 0, it follows that k 7^ 0. 

Now let p = yf/cj", e = sgn(ft) in case of representations (3) or (5) and let p G 
such that p 2 = k and e = +1, in case of representations (2) 
linear map /: m^mby f(Z) = eZ for Z G mi; f(X) = X/p for X 
(f{Z) I [f{X), f{Y)}) = (J f{z) f(X) I f{Y)) = (Z-X\Y). This shows that m is isomorphic 
to the Lie algebra of a generalized Heisenberg group of type 

N(2,l), iV(3;l,0), iV(6,l), orJV(7;l,0), 

cf. [T] 3.1, and that M endowed with the metric induced from the scalar product ( • | • ) 
is isometric to a generalized Heisenberg group. We have shown that all possible two-step 
nilpotent Lie algebra structures on m are given by this construction. 

Now assume [m 2 ,m 2 ] $2 mi. Since mi is an (abelian) ideal, we may consider the quotient 
algebra fl/rrii, of which t is a subalgebra via 6^ X \— > X + m.\. From (14. 5 j) we have 

that 6 is a compact symmetric subalgebra of g/mi. In case of representations (2) (4) and 
(5) this leads to a contradiction with the classification of symmetric spaces [5], since in 
these cases the ^-representation on m 2 is not equivalent to an isotropy representation of 



any Riemannian symmetric space. For representation (3), it follows that g/rrii is a simple 
Lie algebra of type sp(n + 1) or sp(n, 1). But g/rrii acts nontrivially with nontrivial kernel 
61 © tn 2 on mi and hence cannot be simple. 



MANIFOLDS WITH LARGE ISOTROPY GROUPS 



15 



The case where mi and m 2 do not commute. In this case we have A = 2/i 2 7^ 0. Furthermore, 
since m 2 is K- irreducible, we have [rrii,m 2 ] = m 2 from (14. 5p . Let G\ be the connected 
subgroup of G corresponding to 0i, which is closed by Theorem 13 . 11 Up to scaling, the 
homogeneous space F = G\/K is (locally) isometric to either H n , in case A < 0, or S n , in 
case A > 0. By Theorem 13.41 it follows that the action of G\ on m 2 is isometric. 

If A < 0, it follows that t © mi = spin(2, 1), 5pin(3, 1), spin(6, 1), or spin(7, 1); in par- 
ticular, t © mi is a simple real Lie algebra. It follows that the corresponding group acts 
nontrivially and isometrically on m 2 , a contradiction. Thus we may henceforth assume A > 0. 
By the rescaling (14. 9p we can actually arrange for A = 1 and /1 = l/y/2. 

Now assume [m 2 ,m 2 ] = 0, i.e. m 2 is an abelian ideal of g. Then the Lie bracket of g is 
uniquely determined by A and \i. Hence it suffices to exhibit examples of such spaces M in 
order to explicitly obtain the Lie algebra structure (up to rescaling) and we conclude that 
M = G/K is isometric to one of the homogeneous spaces 

Sp(l) • Sp(n) x M 4 " Sp(l) • (Sp(l) • Sp(n) k M 4n ) Spin(7) k 5 7 Spin(8) k 5+ 



U(l)-Sp(n) ' ASp(l) • Sp(n) ' Spin(6) ' Spin(7) 

endowed with a G-invariant metric, where S7 stands for the 8-dimensional spin representation 
of Spin(7) and 5% denotes an 8-dimensional half-spin representation of Spin(8); the "A" 
indicates that the Sp(l)-factor is diagonally embedded into the two Sp(l)-factors of G. 
If 7^ [m 2 , m 2 ] C t, then t is symmetric in £©m 2 . This is a contradiction for representations 



(2) , (5) and (4) , since in these cases m 2 is not equivalent to the isotropy representation of a 



Riemannian symmetric space. For representation (3), it follows that [m 2 ,m 2 ] = 6, but then 
we obtain from the Jacobi identity 

(4.11) [[m 2 ,m 2 ],mi] C [m 2 , [m 2 ,mi]] = [m 2 ,m 2 ], 

the contradiction mi C £. 

If [m 2 ,m 2 ] = mi, then (14. lip reduces to [mi, mi] C mi, which implies [mi, mi] = 0. It 
follows that m is a subalgebra of q and since neither of the ^-irreducible spaces mi or m 2 
is an ideal of m, the Lie algebra m must be simple. By [5], Corollary II 6.5, it follows that 
m contains a subalgebra isomorphic to t whose action on m is equivalent to the t-action. 
This is a contradiction since m does not contain any .fT-submodule equivalent to the adjoint 
representation of K. 

It only remains the case where mi 7^ [m 2 ,m 2 ] % t. In case n — 6, 7 it follows that q is 
simple, immediately leading to a contradiction in case n = 6, since there is no simple real 
Lie algebra of dimension 29; if n = 7 then g is a simple real Lie algebra of dimension 36 
containing spin(7) as a subalgebra and it follows that g is isomorphic to either spin(9), 
5pin(8, 1) or spin(7, 2); however, only in the first two cases the isotropy representation can 



be equivalent to (5) hence 

M = Spin(9)/Spin(7) or M = Spin(8, 1)/Spin(7). 



Now consider the case of representations (2) and (3) . The subalgebras fi © m i an d £1 



of gi commute and hence are ideals of g\. Since we have already shown that A is positive, 
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we know that 6 ©ttli, and therefore also gi, is a compact Lie algebra. By H4.5[) we have that 
0i is a compact symmetric subalgebra of g. 



In case of representation (2) we have gi = sp(l) ©sp(n) with Gi acting transitively and 
almost effectively on the unit sphere in m.2 and we obtain from the classification of symmetric 
spaces jS] that g is isomorphic to either sp(n + 1) or sp(n, 1). Hence it follows that 

M = Sp(n + l)/U(l) -Sp(n) or M = Sp(n, 1)/U(1) • Sp(ra). 



In case of representation (3) , we have that t ©Ttti = so (4) and hence gi = sp(l) ©Sp(l) © 
Sp(n). The compact symmetric subgroup G\ acts transitively on the unit sphere in rti2 and 
such that the action of the Sp(n)-factor is almost effective; it follows from the classification 
of symmetric spaces [5] that G/G\ is a non-effective presentation of HH n or HP". Hence g is 
isomorphic to a Lie algebra direct sum sp(l) ® spin + 1) or sp(l) ©sp(n, 1). It follows that 

Sp(l)-Sp(n + 1) _ Sp(l) ■ Sp(n, 1) 

ASp(l) • Sp(n) ASp(l) • Sp(n) ' 

where the "A" indicates that the Sp(l)-factor is diagonally embedded into the two simple 
factors of G. □ 

4.4. A Lie algebra construction leading to homogeneous presentations of flat 
space. In this section we will show that a Riemannian homogeneous space whose isotropy 



representation is equivalent to (1) from Tabled] is Euclidean. 



Proposition 4.12. Let M = G/K be a simply connected Riemannian homogeneous space 
such that the action of A = U(n) on the tangent space m = mi © m 2 = C © C n of M is 



equivalent to representation (1) , i.e. A acts by a power of the determinant on mi and by the 



standard representation on m 2 . Then M is isometric to Euclidean space. 

Proof. It follows from Theorem 13 . 41 that the action of G\ on m 2 is isometric, since the principal 
isotropy group of the A- action on m 2 is isomorphic to U(n — 1). Assume the Gi-action 
on m 2 is almost effective, then we have G\ C SO(m 2 ); however, since t = u(n) C So(2n) 
is a maximal subalgebra, it follows that gi = so(2n), which leads to contradiction by a 
dimension count. Thus it follows that the action of gi has a two-dimensional kernel, which is 
an ideal of gi. Since the only two-dimensional A-invariant subspace of gi is mi, this shows 
that [mi, m 2 ] = 0. 

Now observe that gi = t © mi is a subalgebra of g by Theorem 13.11 Since A 2 rrii is a 
one-dimensional trivial A-module, it follows from Schur's Lemma that [mi, mi] C 6 , where 
6o is the one-dimensional abelian ideal of t = u(n). But since we have already shown that 
mi is an ideal of gi, it follows that [mi, mi] = 0. 

Since the homogeneous space SO(2n)/U(n) = SO(m 2 )/A is isotropy irreducible [11], it is 
obvious by a dimension count that the A-module mi © m 2 does not contain any submodule 
equivalent to mi or m 2 . Therefore [m 2 ,m 2 ] C t. Assume [m 2 ,m 2 ] ^ and consider the Lie 
algebra 6 © m 2 ; it follows from the classification of symmetric spaces [5] that 6 © m 2 is a simple 
real Lie algebra of type su(n + 1) or su(n, 1); however, t © m 2 acts on mi with nontrivial 
kernel m 2 , a contradiction. 
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We have proved that m = mi © m 2 is an abelian ideal of g and hence M is flat. □ 

4.5. Isotropy with a one-dimensional trivial module. To complete the classification 
in the homogeneous case, it remains to study manifolds M = G / K where the isotropy 
representation has a one-dimensional trivial submodule. 

Proposition 4.13. Let M = G/K be a simply connected Riemannian homogeneous space 
such that the action of K on the tangent space of M is of cohomogeneity two and leaves 
a nonzero vector fixed. Assume that M is not de Rham decomposable and not symmetric. 
Then M is isometric to one of the following homogeneous spaces equipped with a G-invariant 
metric: 

SU(n+l) SU(n,l) 



SU(n) ' SU(n) 



N(l,k). 



Proof. Assume mi is a one-dimensional trivial i^-module and rti2 is an irreducible ^-repre- 
sentation of cohomogeneity one. Clearly we have [mi, mi] = 0. 

The case where mi and m 2 commute. Assume [mi, m 2 ] = 0. Then mi lies in the center of g 
and is hence an ideal of g. Consider the quotient algebra 0o — s/mi- It contains t as a subal- 
gebra, acting irreducibly on a i^-invariant complement, denoted by m 2 , of t in g ; the action 
of t on m 2 is clearly equivalent to the 6-action on m 2 , thus the corresponding homogeneous 
space M = G /K is strongly isotropy irreducible, with an isotropy representation of coho- 
mogeneity one. It follows that M equipped with a Go-invariant metric is either isometric 
to a symmetric space of rank one or Euclidean. 

Let [•, -]o be the Lie bracket of go = t © m 2 . Consider the subspace / = m 2 + [m 2 ,m 2 ]o 
of 0o- It follows from the Jacobi identity that / is an ideal of g , since 

[I, flo = [m 2 + [m 2 , m 2 ] , t] C [m 2 , t] + [m 2 , [m 2 , t] ] = / 

and 

[I, m 2 ] C [g , m 2 ] = [t, m 2 ] + [m 2 , m 2 ] = I. 

It follows that mi + m 2 + [m 2 , m 2 ] is an ideal of g. 

Assume first the ideal / is simple. Then mi + m 2 + [m 2 ,m 2 ] is a central extension of 
the simple Lie algebra / and hence isomorphic to the Lie algebra direct sum of / and the 
one-dimensional abelian Lie algebra mi by the Whitehead Lemma. Since mi lies in the 
center of g, it follows that also g is isomorphic to a Lie algebra direct sum of go and a 
one-dimensional abelian Lie algebra. Hence the homogeneous space M = G/K is de Rham 
decomposable in this case. 

Assume now / = m 2 , i.e. [m 2 ,m 2 ] C m 2 . Then the if-irreducible space I = m 2 is either 
an abelian or a simple ideal. We have already treated the case where / is simple, thus we 
may assume / is abelian. In this case m = mi © m 2 is a two-step nilpotent ideal of g and 
it follows that the Lie bracket on m is given by a i^-invariant skew-symmetric bilinear form 
uj : m 2 x m 2 — > R such that 

[X,Y]=w(X,Y)v for all X,Y G m 2 , 
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where v G mi is some nonzero vector. We may assume u ^ since otherwise M is flat. 
The two-form u defines a nonzero skew-symmetric i^-equivariant endomorphism F on m 2 
by (F(X) | Y) = uj(X,Y). Hence F 2 is a nonzero symmetric i^-equivariant endomorphism 
on m 2 with at least one negative eigenvalue. By Schur's Lemma it follows that F 2 = —X id m2 , 
for some A > 0. Hence the if-module m 2 admits a complex structure defined by F/y/X. It 
follows that M is isometric to a generalized Heisenberg group of type 

N(l, k), where k = |dim K m 2 . 

We may now assume that / 7^ m 2 and that I is not simple. Then I contains a non-trivial 
proper ideal. Since t acts effectively on m 2 , the only possibility is that rfi 2 is an ideal of /, 
contradicting / ^ rh 2 . 

The case where mi and m 2 do not commute. In view of Theorem 13.41 we may assume that 
the Gi-action on m 2 is isometric. Furthermore, as [mi,m 2 ] ^ we may assume that the 
group G\ acts almost effectively, i.e. with a discrete kernel T C G\, on m 2 . In fact, if gi 
had a kernel b on m 2 then, by the effectivity of the i^-action on m 2 , b would be another 
AdA'-invariant one-dimensional complement of 6 in 0i; in this case we could use b in place 
of mi and would be in the previous case where mi and m 2 commute. 

Thus both K and Gi/T act effectively and transitively on the sphere Sm 2 in m 2 . Therefore 
both must show up in the classification of such groups. From Table [2j the only cases where 
a group and a one-dimensional extension of it act effectively and simply transitively on the 
same sphere are the cases 

K = SU(n), Gi/r = U(n), m 2 = C n ; 

and 

K = Sp(n), Gx/T = U(l) • Sp(n), m 2 = W 1 . 

In both cases, the only module isomorphic to mi ® m 2 = m 2 in q = 6 © mi © m 2 is m 2 . 
Therefore G\ acts on m 2 in the usual sense (i.e. the projection (I3.2p is not needed). Also, 
G\ contains an element in its center acting as —1 on m 2 . Hence the Cartan relations (14.51) 
hold and (g, Q\) is an orthogonal symmetric Lie algebra. It follows from the classification of 
symmetric spaces that G = SU(n + 1) or = SU(n, 1) if m 2 is not abelian, hence 

M = SXJ(n + l)/SU(n) or M — SU(n, l)/SU(n). 

If m 2 is abelian, then m = miffim 2 is an ideal of g. Since the action of mi on m 2 commutes with 
the irreducible i^-action it follows that m 2 carries a i^-equivariant complex structure and 
such that the action of elements in mi is given as multiplication by purely imaginary elements 
of C. It follows as in Theorem 13.41 that the simply connected Lie group corresponding to m 
is isomorphic to the group M = R x C ra , where the group multiplication is given by 

(t, v) ■ (s, w) — (t + s,v + e lt w). 

Identifying M with M 1+2n , this induces a simply transitive action of M on itself which is 
isometric if M = M. 1+2n endowed with any Riemannian metric of the form 

ds 2 = X dx\ + [A [dx\ + • ■ ■ + dxl +2n j , 
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where A, /i > are constants. This shows that, for any choice of a left invariant metric, 
M = G/K is isometric to Euclidean space, hence de Rham decomposable. □ 

We have now completed the proof of Theorem 11.11 

5. The inhomogeneous case 

In this section we classify simply connected manifolds admitting a non-transitive group of 
isometries whose isotropy groups act with co homogeneity < 2. 

Theorem 5.1. Let M be a simply connected Riemannian manifold on which a closed con- 
nected subgroup G of the isometry group acts non-transitively and non-trivially. Let Gp, 
p E M, be a principal orbit and assume that the isotropy group K = G p acts with cohomo- 
geneity two on M. Then the G- action has no exceptional orbits and at most two singular 
orbits, which are fixed points. If there is a singular orbit, then the principal orbits G/K 
are spheres. Else the principal orbits are simply connected rank-one symmetric spaces, i.e. 
isometric to one of 

(5.2) W 1 , S n , CP™, HP™, OP 2 , RH™, ChP, HUH", OH 2 . 

More specifically, see Table^ 

(i) If there are no singular orbits then M is a warped product R x f G/K. 

(ii) If there is one singular orbit then M is isometric to R n+1 endowed with a rotationally 
symmetric metric, i.e. a metric invariant under a linear cohomogeneity one action 
ofG on R n+1 . 

(Hi) If there are two singular orbits then M is isometric to S n+1 C R n+2 = R n+1 x R 
carrying a metric invariant under a linear cohomogeneity one action of G on the 
R n+1 factor. 



No. 


Singular orbits 


M 


G/K 


Section S 


Fundamental domain 


(i) 


none 


R X/ G/K 


(I5.2p 


R 


R 


(ii) 


one point 


« R n+1 


s n 


R 


R+ 


(Hi) 


two points 


« S n+1 


s n 


S 1 


[0,L] 



Table 4. Inhomogeneous manifolds with unit tangent bundle of cohomogene- 
ity one 



The metric on the warped product R x f G/K is dt 2 © f{t) 2 go where / is a smooth positive 
function on R and go is a fixed G- invariant metric on G/K. The metric go is uniquely 
determined up to a scaling factor since G/K is isotropy irreducible. All these manifolds are 
(degenerate) warped products, i.e. admit an isometry / x f Gj K — » M, where I = R,Rq or 
some finite interval [0, L], L > 0, and / > on the interior of I and / = on dl = 0, {0} or 
{0,L}, respectively. 
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Proof. We fix a point p G M, such that Gp is a principal orbit, and denote by K C G the 
isotropy subgroup at p. The isotropy representation of K splits as 

T P M = T p Gp © iV p Gp. 

From this, it follows that G acts with cohomogeneity one on M and also that K acts with 
cohomogeneity one on T p Gp. Let 7: R — > M be a normal geodesic such that 7(0) = p and 
7(0) ±T p Gp. Let E =7(R). 

We prove the Theorem in the following steps: 

1. Each G -orbit intersects E perpendicularly. To prove this, let Gq be a second G-orbit and 
choose a geodesic ^ realizing the distance of Gp to Gq, say V'(O) = 9P f° r some g £ G. This 
geodesic meets both Gp and Gq perpendicularly. Thus g _1 ip C E and E meets Gp and Gq 
perpendicularly. 

2. There are no exceptional orbits. If there are singular orbits, then these are fixed points 
and the principal orbits are spheres. Else there are no singular orbits and the principal orbits 
are simply connected. Let G q C G be the isotropy group at q G E. Hence K C G q . Since 
g = t © TpGp and T p Gp is irreducible, the Lie algebra g q of G g is either g or t. 

a) If g q — g then G q = G and g is a fixed point. 

b) If g q — i then K has finite index 1 in G g . Assume Gq is an exceptional orbit i.e. 1 > 1. 
The map Gp = G/X — > Gg = G/G q , gp 1— > gg, is well defined and has fibre G q /K with 
cardinality #G q /K = 1. Thus it is a covering with t sheets. Since Gp is connected, 717 (Gp) 
is a subgroup of positive index 1 in 717 (Gg). We may assume p arbitrarily close to g since 
the union of the principal orbits is dense. By the Slice Theorem we may identify Gp with a 
submanifold of the sphere normal bundle Su(Gq) of Gg. Since Gp is connected we have 

Gp = G/K = Su(Gq) -> Gg = G/G 9 

a two-fold covering. We now apply the Theorem of Seifert-van Kampen to the decomposition 

M = Dv(Gq) UM\ Dv(Gq) 

where Dv[Gq) is a G-invariant open tubular neighborhood of Gq from the Slice Theorem. 
The intersection is 

Dv{Gq) n M \ Du(Gq) = Su(Gq) = Gp. 

Thus 717 (M) = 71"! (Gg) * 77 (M \ Diy(Gq))/n 1 (Gp) cannot be trivial because 77 (Gp) — > 
7Ti(Gg) = n 1 (Dv(Gq)) is not surjective. Thus there are no exceptional orbits and singu- 
lar orbits are fixed points. 

If there is a fixed point then the distance sphere of a fixed point is a principal orbit. 
If there is no fixed point then all orbits are principal. Thus M is a G/K-bundle over a 
one-dimensional manifold which is either 1 or S 1 . If it were S 1 or if the fibres G/K were 
not simply connected then so would be M, by the homotopy sequence = (G\M) — > 
ir^G/K) -> m(M) -> tti(G\M) -> 7r (G/K) = of the fibre bundle G/K -> M -> G\M. 
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3. M is a (possibly degenerate) warped product. For g G G we have that gp G E implies 
gE = E, because £ is the image of a geodesic 7^ emanating from p = 7^(0) with 7^(0) = 
v G T p Gp L = T p E. Hence gt> G T q Gp^ = T q E and therefore gt> = ±7„(t g ) if q = 7„(tg). Let 

u' {geG .</>: s}. 

If there are no fixed points then M is a fibre bundle over G\M = W\E. Since M is simply 
connected we have W\E — E = R and the G-orbits intersect E only once. We thus have a 
diffeomorphism 

(5.3) ' 

(s,<7p) i-> ffs. 

Since the G-invariant metric go on G/K is unique up to scaling we can find a positive 
function /otiS such that (I5.3P becomes an isometry when R x G/if = E x Gp is endowed 
with the warped product dt 2 © f(t) 2 g . Thus M is of the first type in Table HI 

If there is a fixed point q there is w G \ K with u> 2 G K and is generated by w and 
i^. If E = R there are no other fixed point and if E = S 1 we have at most two fixed points. 
In both cases the principal orbits are spheres. Away from the fixed points M is a warped 
product over the interior of a fundamental domain So C E for the PF-action on E. This can 
only be So = M + or Eo = (0, L) for some L > 0, which produces the second and the third 
type in Table HI respectively. One has to replace R = E in (15.31) by the fundamental domain 
E = R + or E = (0,L). □ 
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